Summary. We prove that a standard second order finite difference uniform space discretization of the semilinear wave equation with periodic boundary conditions, analytic nonlinearity, and analytic initial data conserves momentum up to an error which is exponentially small in the stepsize. Our estimates are valid for as long as the trajectories of the full semilinear wave equation remain real analytic.
Introduction
When differential equations possess special structure or symmetries, it is often desirable that numerical methods for such problems either preserve these structures or possess appropriate discrete analogs.
The theory of structure preserving discretizations is well-developed for ordinary differential equations. In particular, Hamiltonian ordinary differential equations can be solved by so-called symplectic or variational integrators [10, 18, 29] . In addition to exactly preserving the symplectic form, these integrators have been shown to conserve energy over exponentially long times [1, 8, 9, 27] . Such conservation properties are of crucial importance in celestial mechanics, molecular dynamics, and other application areas.
As a continuous system and its discretization will generally diverge arbitrarily far from each other as time advances, results on approximate energy conservation for symplectic methods usually rely on backward error analysis. To analyze the discrete system another continuous system is constructed, known as the modified equation, that can be proved to remain close to the discrete system for very long times. Then the properties of the modified system can be used to infer properties of the discrete system. The process of constructing the modified equation for time discretizations of ordinary differential equations can be seen as the averaging of a rapidly forced ordinary differential equation using a result of Neisthadt [22] . He was the first to prove exponentially small error estimates for the embedding of a close to identity diffeomorphism (e.g., a one-step numerical method) into the flow of an autonomous differential equation.
Recently, similar ideas have been applied to construct and analyze structure preserving discretizations of partial differential equations. So-called multisymplectic integrators have been developed for Lagrangian systems by Marsden, Patrick, and Shkoller [17] , and for Hamiltonian systems by Bridges and Reich [2, 28] . These have led to exciting new developments in methods for solid mechanics [14] and fluid systems [25] . In the case of vortex methods for fluids the numerical method itself has an interpretation as the "modified" pseudo partial differential equation [3] or even partial differential equation [23] . De Frutos and Sanz-Serna [4] studied energy and momentum conserving discretizations of KdV solitons, and found them to be much more accurate than non-conservative ones.
Most of the work in the context of partial differential equations focuses on exact preservation of conservation laws or their discrete analogs. Much less has been done for cases where one can obtain approximate conservation of some property under discretization, and there there are few rigorous results with, as far as we are aware, the following exceptions. Matthies [19] proves that a fully discrete reaction-diffusion system on a torus can be embedded into an autonomous ordinary differential equation with exponentially small error under a restrictive coupling assumption between spatial and temporal stepsize.
In [31] we analyze approximate energy conservation of temporal semidiscretizations of semilinear wave equations -for a related result on averaging of rapidly forced Hamiltonian evolution equations see [20] .
Moore and Reich [21] made a first step towards a formal backward error analysis for multisymplectic discretizations of semilinear wave equations and their corresponding energy and momentum conservation laws. They derive a modified higher order multisymplectic partial differential equation which is satisfied by the numerical solution with higher accuracy than the discretization error.
As shown in [17] , variational multisymplectic discretizations can preserve vertical symmetries, i.e., symmetries which are not discretized. But horizontal symmetries, such as translations in space, are discretized by finite-difference type methods, so the question arises whether and how well a variational discretization will conserve the momentum corresponding to the discretized symmetry. In this paper we give an affirmative answer in a simple, yet prototypical situation: Conservation of momentum by the semilinear wave equation under a variational spatial semidiscretization on a uniform grid.
We study the semilinear 1 + 1 wave equation on the circle S 1 = R/2πZ,
∂ tt u = ∂ xx u + f (u). (1.1)
In addition to possessing a Lagrangian and Hamiltonian structure, the evolution preserves the momentum
We find numerically that, among four different spatial semi-discretizations, only the variational spatial semi-discretization on a uniform grid preserves an interpolated momentum within computational accuracy, while all other schemes display significant momentum drift. This behavior is explained by the following theorem, an extended version of which is proved in Section 7, Theorem 7.9.
Theorem 1.1 Assume that f is entire, and that the exact solution u = u(t, x)
to the semilinear wave equation is real analytic with uniform spatial radius of analyticity larger than some r > 0 on [0, T ] × S 1 . Note that if the nonlinearity is entire, the initial value problem for the semilinear wave equation is well-posed in certain spaces of space-analytic functions on some interval [0, T ], for details see [26, 6] and Section 7.2.
Further, let u h (t) denote the approximate solution that corresponds to the standard symmetric space-semidiscretization with uniform grid size h, and let i h (u h ) denote the trigonometric interpolant of u h . Then there exists a constant κ = κ(u, T ) independent of h such that

|J [u](t) − J [i h (u h )](t)| ≤ κ e
Our proof is based on a modified functional equation which is not a partial differential equation, but which interpolates the discrete system and so remains close to the discrete system for as long as the true solution of the wave equation remains sufficiently regular. To our knowledge, this is the first rigorous backward error analysis result for spatial semi-discretizations. We also show that the interpolated momentum for the linear wave equation is exactly conserved for the same variational uniform discretization (Theorem 6.2), but generically drifts on sufficiently long time scales when the grid is non-uniform (Theorem 6.4).
We believe that our result extends to higher order methods as well as to other equations and full space-time discretizations. Leaving these generalizations for future work, we restrict ourselves to a simple prototype model in this paper.
We begin the analysis of this model problem in Section 2 by recalling the variational structure of the wave equation. The spatial semidiscretizations are then defined in Section 3 and are studied numerically in Section 4. The behavior of these semidiscretizations is described by defining appropriate modified equations in Section 5.
The final two sections of the paper contain detailed proofs of the observations and claims in the earlier parts. In particular, Section 6 establishes why the discrete analogue of the momentum map is defined as it is, and why one cannot hope to prove a stronger result than Theorem 1.1. Finally, Section 7 contains a more general formulation and proof of this theorem.
Variational framework
The semilinear wave equation (1.1) has a Lagrangian formulation, where the configuration space Q is some space of sufficiently smooth functions, and the Lagrangian L : Q × Q → R is given by
where for most of the paper we assume that f = F is entire, i.e., is an analytic function on all of C. We also consider analytic functions f which are not defined on the whole of C as well as C k nonlinearities, but will focus on the case where f is entire.
Since v is the velocity of u, the corresponding Euler-Lagrange equations read
The semilinear wave equation is also Hamiltonian with
Observe that the Lagrangian does not depend explicitly upon x. This means that it is invariant with respect to the group action
of R on Q. The infinitesimal generator of this action on Q is ξ Q : u → ∂ x u, and so the corresponding momentum map is
We know from Noether's theorem [16] that this quantity is an invariant of the motion, so that J (U(t)) = J (U(0)) for all t and
Momentum conservation can also be checked by direct calculation,
where we have used integration by parts and the fact that S 1 has no boundary. In Section 7.2 we review results on the existence of a flow of the semilinear wave equation on appropriate function spaces.
For our subsequent analysis we need to re-express the momentum in Fourier variables, where we adopt the following convention. The Fourier coefficients of a function u ∈ L 2 (S 1 ) are denoted
are the normalized eigenfunctions of the Laplacian on L 2 (S 1 ). The inverse transform then reads
In Section 6.3 we discuss the effects of grid distortion and will need to define the trigonometric interpolant of a real function on a non-uniform mesh. For this purpose it is more natural to write the Fourier transform in terms of the normalized sine and cosine functions (2.11) so that the inverse Fourier transform reads
Spatial semidiscretizations
Throughout this paper, we take N nodes in S 1 at positions x i , where i = 0, . . . , N − 1, and denote approximations to u(x i ) and v(x i ) by u h,i and v h,i , respectively. Let h = 2π/N be the average grid spacing. When the grid is not uniform, the ith grid cell has width h i = x i − x i−1 for i = 1, . . . , N, and h i ≡ h only in the special case of a uniform grid. It is understood that all indices are in Z N ≡ Z mod N, so that i = −1 is equivalent to i = N −1 and, similarly, i = N is equivalent to i = 0. The discrete configuration manifold is Q h = R N .
Variational semidiscretizations
We replace the x-derivative in the Lagrangian (2.1) by a simple finite difference and approximate the integral in a way that will lead to a consistent finite difference scheme even when the grid is nonuniform. We obtain a semidis-
Noting that ∂ t u h = v h , we compute the semi-discrete Euler-Lagrange equations,
Writing · , · to denote the standard Euclidean inner product on R N or C N , we now endow Q h with the scalar product
and use this inner product on Q h × Q h . This new scalar product corresponds to the metric which is generated by the kinetic energy of the discrete system and converges to the L 2 -scalar product on the continuous configuration space Q when h 1 , . . . , h N → 0. Then the semidiscrete system is also Hamiltonian with energy
and with symplectic form
We can then writeU (3.6) where U h = (u h , v h ) ∈ Q h × Q h and ∇ denotes the gradient, i.e., ∇H h is a column vector. Moreover
, where the discrete Laplacian h is given by
On a uniform grid, system (3.2) reduces to
This system is Z N -equivariant, so that the vector field on the right of (3.9) commutes with the shift operator τ h :
We think of the grid symmetry on Z N as the remnant of the continuous translation symmetry on S 1 .
Non-variational semidiscretizations
We are also interested in non-variational schemes, and introduce the family of semi-discrete wave equations
with α ∈ [0, 1]. This is a first order discretization in general, and it is second order when the grid is uniform and α = 0. For α = 0 the system reduces to (3.2) .
We call the discretization (3.11) variational if it is an Euler-Lagrange equation of a simple mechanical system. That is, we require that it possess (3.12) and therefore
where τ h is the grid translation defined in (3.10), and τ T h = τ −h . Therefore, B is not infinitesimally symplectic with respect to the symplectic form J h . We conclude that (3.11) cannot be written as an Euler-Lagrange equation, and thus cannot be variational.
Remark 3.1 This lemma does not guarantee that the system is not symplectic, and hence variational, with respect to some non-canonical symplectic form. However, the numerically observed energy drift for α = 0 strongly suggests that the corresponding scheme is nonvariational with respect to any symplectic form -see Section 4.
Interpolated momentum
To study the conservation of the momentum J under discretization we must define a discrete analog of the momentum map. In principle, any consistent approximation to J will do -here we choose to first compute a trigonometric interpolant of the solution on the grid, and then apply the momentum J to the interpolated function. Later, when in Section 6 we establish the connection between the interpolated momentum and interpolations of discrete grid symmetries, this construction will turn out to be the natural choice.
We proceed as follows. Define a grid projection operator π h :
and a trigonometric interpolation operator i h :
where [a] denotes the greatest integer less than or equal to a, and the basis functions are the normalized sines and cosines
The coefficients of the interpolation formula are real and can be chosen uniquely so that π h • i h = id. We will also write π h : (u h ), π h (v h )), and similarly we write i h :
Defining the interpolated momentum map J h ≡ J • i h : Q h × Q h → R, we see that it can be computed as a finite truncation of the Fourier expression for the continuous momentum map, equation (2.13) , 
, where x j = jh and (3.19) are the eigenfunctions of the discrete Laplacian h , orthonormal with respect to the Q h inner product. The inverse transform is given by
By changing to normalized discrete sine and cosine functions
the grid projection of the trigonometric interpolation formula coincides with the Fourier inversion formula
Remark 3.2 Note that trigonometric interpolation is also used in von Neumann spectral analysis of uniform finite difference schemes. The reason behind this choice of interpolation is that the grid projection e h,k of each Fourier mode e ikx is an eigenfunction of the discrete Laplacian. Moreover, the onedimensional space spanned by e ikx is invariant under translations -it is a one-dimensional representation of the translation group. This distinguishes trigonometric interpolation from any other interpolation.
Numerical results
We now investigate numerically how well semidiscrete wave equations preserve the interpolated momentum. We compare four special cases of (3.11) with N = 21 grid points on S 1 .
(a) Lagrangian, uniform: The Lagrangian discretization (3.2) on a uniform grid specified by
(b) Lagrangian, non-uniform: The Lagrangian discretization (3.2) on a non-uniform grid (see Figure 1 ) specified by In our example we take nonlinearity F (u) = 0.1 u 4 , so that the semilinear wave equation reads
The initial conditions for all numerical simulations are taken to be the projection by π h of the continuous functions
onto the appropriate grids. These initial conditions are clearly analytic, which is reflected in the exponential decay in their power spectra, as shown in Figure 5 .
We simulate the four semidiscrete systems with a very accurate symplectic time integration scheme, so that there is very little error introduced by time discretization. The absolute error between the semidiscrete trajectories and the projection of the true solution to the semilinear wave equation is shown in Figure 2 . From this figure it would appear that the four different semi-discretizations are behaving quite similarly.
If we now consider the evolution of the discrete momentum, however, as shown in Figure 3 , then we see quite a different story. Here the Lagrangian semidiscretization on the uniform grid conserves the discrete momentum almost without error, while all of the other semidiscretizations experience substantial momentum drift. The energy evolution of the various discretizations is shown in Figure 4 . The situation here is different to that for momentum, as the Lagrangian semidiscretizations have exactly conserved energy functions, while the nonLagrangian semidiscretizations do not have any conserved energies. This is purely a product of the variational nature of the systems, and unrelated to uniformity of the grids. Finally, the power spectra of the true solutions of the semilinear wave equation are shown in Figure 5 . Note that the spectra decay exponentially, which will be important later when the regularity of solutions is considered.
Modified equations
To give a theoretical explanation for the numerical results of Section 4, we construct continuous equations which are closer to the semidiscrete systems than the original wave equation is -indeed, they interpolate the discrete solution. In Section 7 we analyze these modified equations to infer properties of the semi-discrete system.
LetQ be a space of sufficiently smooth real valued functions over the circle S 1 -for the precise functional setting see Section 7 -and let TQ be its tangent space.
Our grid is defined through a smooth, monotonic diffeomorphism g of S 1 which leaves x = 0 invariant. We set
for 0 = 1, . . . , N − 1 and h = 2π/N, and define the smooth, positive and 2π-periodic grid increment function h + via It is convenient to also define the grid decrement h − through
for every x ∈ S 1 . Finally, note that
where y i = x i or, more generally, y 0 = y ∈ S 1 and y i = y i−1 + h + (y i−1 ) for i = 1, . . . , N − 1. A natural grid interpolation corresponding to our numerical non-uniform grid function is the choice where h
which is consistent with the true Lagrangian (2.1). In the special case a uniform grid, this simplifies to
When taking variations of the general modified Lagrangian, we need to make the change of variables y = x+h + (x) in one of the terms. Note, therefore, that
It is then straightforward to check that the EulerLagrange equations are
For uniform grids, system (5.7) simplifies to
These equations are just an uncountable number of uncoupled ordinary differential equations of dimension N , which we regard as an ordinary differential equation on the function spaceQ ×Q.
The general modified equation corresponding to (3.11) is
Like the discrete system (3.11) in Lemma 3.1, the general modified equation (5.7) is variational if and only if α = 0. Observe that the modified equations have the special property that they exactly coincide with the corresponding spatial semidiscretization on grid points.
We are interested in when the modified equation has the same spatial translation symmetry as the original wave equation. Recall that the group action has the infinitesimal generator ξQ :ũ → ∂ xũ , which lifts to the generator ξQ ×Q : (ũ,ṽ) → (∂ xũ , ∂ xṽ ). The corresponding momentum map is thus the same as that for the original wave equation. We will also write that J :Q ×Q → R is given by
In the special case of a uniform grid, the general modified equation (5.7) is translation invariant. For general grids, however, this is not the case as the following lemma shows.
Lemma 5.1 System (5.7) is equivariant under arbitrary space-shifts if and only h
± (x) ≡ h, i.e., the discretization is uniform.
Proof. We have already argued that (5.7) is S 1 -equivariant on a uniform grid. To prove the converse, assume (5.7) is S 1 -equivariant under translations, i.e., the right hand side of (5.7b) commutes with the shift operator τ y , where (τ y u)(x) = u(x + y). Fix z ∈ S 1 and choose a smooth test functionũ(x) whose support is contained in a small neighborhood of z so that, in particular,
is independent of x = z+y for y small. As the circle can be uniformly covered with such neighborhoods, q(x) is constant on all of S 1 , and therefore
is followed by one of length h + (x), followed again by one of length h
The sign, however, cannot depend on x as h + (x) and h − (x) are smooth functions. Noting that h
while h + is periodic, we see that the constant C 2 must vanish. By Noether's theorem, the modified equation corresponding to the Lagrangian semidiscretization on a uniform grid exactly preserves the momentum map. That is, for any solutionŨ h (t) = (ũ h (t),ṽ h (t)) of (5.9) we have J (Ũ h (t)) = J (Ũ h (0)) for all t. We can also check this by direct calculation:
where we have used integration by parts and the change of coordinates x → x + h in one term.
Observe that although the non-Lagrangian modified equation -(5.9) with α = 0 -on a uniform grid has the spatial translation symmetry, its nonLagrangian nature means that it does not have the momentum map as a conserved quantity. This can be explicitly checked by computing the time derivative as above,
which generally does not vanish.
In summary, the modified equations for the various spatial semidiscretizations are all exact at grid points, and their conservation properties are as follows.
(a) Lagrangian, uniform: The modified equation is a Lagrangian system, which retains the spatial translation symmetry. The modified system thus preserves the continuous momentum function for all time. Note that this does not immediately provide any constraint on the evolution of the discrete momentum J h , as the way in which the modified solution interpolates between the values at grid points will change over time, and the conserved quantity depends on this interpolation. We interpret the above properties as explaining the behavior which was numerically observed in Figure 3 . Of course, this relies on the rigorous results of Section 7 to establish that properties of the modified equation do indeed imply properties of the semidiscrete system. [21] .
Remark 5.1
A Taylor expansion of the modified system (5.8) in h gives higher order Hamiltonian PDEs with translation symmetry, as have previously been derived by Moore and Reich
Remark 5.2
Other choices for the modified system are conceivable, so long as they possess translation symmetry and accurately interpolate the discrete system. We have chosen a particularly simple modified equation for which the interpolation of the discrete system is exact.
Spatial discretizations and momentum maps
When space is discrete, there is no obvious sense in which the semidiscrete system (3.11) can have a continuous spatial translation symmetry with a corresponding conservation law. On the other hand, we have seen that there are numerical schemes -variational discretizations on an equispaced grid -for which the interpolated momentum J h = J • i h is conserved with very high accuracy. We show in Section 6.1 that on a uniform grid J h is distinguished from other discrete momentum maps by generating a symmetry that interpolates the discrete grid shift, and where the interpolation coincides with the continuous S 1 translation group for wavenumbers that are resolved on the grid. Moreover, we show that J h belongs to a special class of interpolated momenta that are exactly conserved when the wave equation is linear. From Figure 3 it may appear that the momentum is also conserved in the semilinear case. While this turns out to be false, we shall see in Section 7 that even in the presence of nonlinearities momentum is approximately conserved. Section 6.2 discusses finite difference momenta. We shall see that naive finite difference approximations to J are not conserved in any case, but will only oscillate with amplitude of O(h) about the interpolated momentum.
When the grid is non-uniform, the situation is radically different. In Section 6.3 we show that even for the linear wave equation any discrete momentum generically drifts by an O(1) amount within a sufficiently long interval of time.
Exact conservation of interpolated momenta
We now turn to the question of defining interpolated momenta that in the linear case are exactly conserved. Throughout this section we consider the Lagrangian semidiscretization on a uniform grid. For simplicity, we also assume that N is odd, and comment on necessary modifications for even N where appropriate.
We can interpolate the discrete symmetry group Z N of the grid which acts linearly on Q h , i.e., the group of discrete shifts, to a linear S 1 -action on Q h such that for angles 2πj/N we recover the grid group element which shifts the grid by j points. We will see that the continuous symmetry generated by the interpolated momentum J h = J • i h is such an interpolation that, moreover, corresponds to a translation of the trigonometric interpolant. Proof. Using the antisymmetry of the discrete symplectic structure, the chain rule, the linearity of i h , and the observations that i h • J = Ji h and J h = hJ, we can write
Lemma 6.1 Let N be odd and the grid be uniform. Then the infinitesimal generator
Since ∂ x is the infinitesimal generator corresponding to the momentum J , we know that ∂ x U = J∇J (U). Alternatively, we could compute the Fréchet derivative of J by direct computation and integrate by parts in one of the terms. Substituting either result into the last expression of (6.2), we obtain
The last equality is based on a key property of trigonometric interpolation: the L 2 inner product can be expressed as a finite Fourier series involving only wavenumbers with |k| ≤ [N/2]. On this subspace, however, the discrete Fourier transform coincides with the continuous Fourier transform for S 1 functions and, moreover, it is orthogonal by (3.23). We can thus use the discrete inverse Fourier transform to obtain the last expression in (6.3). Since π h • i h = id, the claim follows.
Remark 6.2
For N even, Lemma 6.1 remains true if we replace (6.1) by (6.4) where n = N/2 and P n denotes the projection onto the Fourier modes −n, . . . , n. Remark 6.1 also remains valid.
As an immediate consequence from Lemma 6.1 we see that ξ h is diagonal with respect to the discrete In particular, for t = h we recover the eigenvalues and eigenvectors of the discrete shift operator τ h = exp(ξ h h).
Vice versa, we can define a linear interpolation of the discrete shift, exp(tξ h ), by requiring that τ h = exp(ξ h h). Thus,ξ h is also diagonal with respect to the discrete Fourier basis and has eigenvalues ν k = i(k mod N).
If we further require that the group action is real, then ν −k = ν k and ν 0 = 0. We can now ask whether the generalized interpolated momentumJ h corresponding toξ h is conserved. This is the content of the following theorem. If the wave equation is linear, then the Hamiltonian vector field of its discretization -the right side of (3.9) -is a linear affine combination of shifts. 
Theorem 6.2 Consider the variational spatial semidiscretization (3.9) on an equispaced grid with N odd. Further, letξ h ∈ gl(N) denote the infinitesimal generator of an arbitrary linear real interpolation of the discrete shift symmetry. Then the corresponding momentumJ h is a constant of motion if and only if the wave equation is affine, i.e., if f (u)
where
On the one hand, we conclude that Noting that the constant vector (1, . . . , 1) is the zero eigenvector ofξ h , and thus eigenvector with eigenvalue 1 for exp(tξ h ), we can immediately turn to the first term. Repeating the computation leading up to (6.7) with f h (u h ) − f h (0) in place of u h , we find that
(γ φ(t)). (6.9) On the other hand, we write exp(tξ h )f h (u h ) = exp(tξ h )(f h (u h ) − f h (0)) + exp(tξ h )f h (0).
Equivariance implies that the right sides of (6.9) and (6.10) coincide. In other words,
Since φ is a continuous non-constant function and γ is arbitrary, we conclude that g(x) = f (x) − f (0) is linear, hence f is affine.
Remark 6.3
If N is even, the discrete shift τ h cannot be interpolated to an S 1 -action on Q h by real-valued matrices because −1 is a simple eigenvalue of τ h and its eigenvector is the highest discrete Fourier mode (1, −1, . . . , 1, −1) . But it is still true that the momentum J h is a conserved quantity of the discretization (3.9) if and only if the wave equation is affine. The proof is analogous to the proof of Theorem 6.2, but now ν N/2 = 0 and the summations in (6.7) and (6. 
Finite difference momenta
As a simpler way of computing an approximate momentum map, we could take finite difference approximations to the continuous momentum J . It will turn out, however, that low order finite difference momenta are neither conserved for equispaced discretizations of the linear wave equation, nor do they generate an S 1 symmetry. We define the first order finite difference momentum (6.12) and the symmetric finite difference momentum which is second order on a uniform grid by
Figures 6 and 7 show that the first order finite difference momentum oscillates about, but does not drift from the interpolated momentum. The latter feature is a consequence of the consistency of the finite difference momentum as h → 0. Moreover, when the grid is uniform and f = 0, it is easy to verify the following. We compute
Condition (6.14) can now be checked by direct computation. is not an infinitesimal symmetry of H h , and therefore the corresponding momentum map is not a conserved quantity of (3.2).
Nonuniform space discretizations for linear waves
In this section consider only the linear wave equation. We show that non-uniformity of the grid generically breaks conservation of any consistent approximate momentum.
When the grid is uniform and k ≥ 1, the grid projections c h,k = π h • c k and s h,k = π h • s k span a two-dimensional eigenspace E h,k of the discrete Laplacian h with identical respective eigenvalues are essential for momentum conservation. If the discrete Laplacian h is perturbed to a non-selfadjoint matrix which still commutes with Z N , then the 1:1 resonance between the real parts of the eigenvalues persists. When the shift symmetry is broken then generically the 1:1 resonances are destroyed, which implies momentum drift. This follows from the general theory of symmetric differential equations [7] . Figure 8 shows that the 1:1 resonances are indeed destroyed by a non-uniform grid distortion, and we will now derive an asymptotic formula for the resulting momentum drift, which can be seen in Figure 9 . First, note that for the uniform variational semidiscrete linear wave equation not only the actions
but also the momenta (6.19) are conserved. (In other words, the linear wave equation is super-integrablethere are more independent integrals than degrees of freedom.) It is therefore sufficient to study the momentum on only a single A h -invariant subspace
Let g ε be a smooth family of diffeomorphisms on S 1 with g 0 = id, and let x ε i = g ε (hi) denote the nodes of a distorted grid. For the family of corresponding discrete Laplacians ε h there are smoothly varying
is then also smooth in ε. The pseudo-momenta (6.20) defined in terms of the expansion coefficients with respect to the distorted basis functions will generally be different from, but O(ε)-close to, the inter- (6.22) and corresponding solution formulas for u 
Choosing the parameterization of the grid projection such that | Re(γ (γ h,k t) at ε = 0, and inserting this initial condition into (6.24) we find
We proceed similarly if δ cs grows quadratically in ε, but δ sc or (δ cc − δ ss ) grow linearly in ε. In summary, we have proved the following.
Spaces of analytic functions
We work in spaces of functions that are analytic on the open strip of radius r in the complex plane about the real (mod 2π ) axis. Such functions are characterized by the exponential decay of their Fourier coefficients (see, for example, the review in [13] ). For real numbers m ≥ 0 and r ≥ 0, let G r,m (S 1 , R n ) denote the space of functions for which the norm
is finite. It is a Hilbert space with respect to the inner product
kvk . (7.2) In the main text we assume that the nonlinearity f is an entire function, and will remark on necessary modifications for non-analytic nonlinearities where appropriate. Let
be the power series representation of f and let φ : R → R be its majorization
As f is entire, so must be φ. Moreover, φ is monotonically increasing on the positive real axis. We quote two results from Ferrari and Titi [6] . We prove the following extension of this lemma.
Lemma 7.3 Under the assumptions of Lemma 7.2, let
where c = c(m) is as in Lemma 7.1.
Remark 7.1
We use the letter c for universal constants, and K for constants which may depend on the initial data, but are independent of h and t at least for an interval of time on which a bounded analytic solution to the semilinear wave equations exists. Numbered constants are unique throughout the paper.
Proof. Observe that
where, in the second step, we have used the Young inequality
for any λ ∈ [0, 1]. Comparing the last expression in (7.10) with the definition of φ, we find (7.7).
Functional setting for the wave equation
We rewrite the semilinear wave equation (2.2) in vector notation, (7.12) where U = (u, v),
We first collect some elementary facts about the linear operator A. Since is diagonal with respect to the Fourier basis e ikx and has respective eigenvalues λ k = −k 2 , the restriction of A to the kth eigenspace, denoted A k , has the Fourier representationÂ
When λ k = 0, A k has a pair of distinct complex conjugate eigenvalues ±iµ k where µ k = √ |λ k | = |k|, and exp(A k t) has the Fourier representation
For k = 0 we have µ k = 0, so that the Fourier representation of A 0 is a Jordan block, and
We introduce the Hilbert space (7.17) where both components are endowed with the standard inner product (7.2). In particular,
As we will provide a mirror functional setting for the modified equation, it is useful to note that (7.18) where the projection of (− ) 1/2 onto the kth eigenspace has Fourier multiplier µ k = |k|. We then write the inner product as (7.19) where P 0 denotes the orthogonal projector onto the generalized eigenspace corresponding to the zero eigenvalue of . We set Q 0 = 1 − P 0 .
The crucial observation is that the group generated by Q 0 A is unitary on any Y r,m : (7.20) Note that the full group e At is not unitary because of the secular term from the Jordan block (7.16) .
To make sense of the full semilinear wave equation (7.12), we introduce its mild formulation
Since our nonlinearity is Lipshitz in G r,m by Lemma 7.3, we obtain by direct application of the contraction mapping theorem [24, 11] that the semilinear wave equation is locally well posed. 
Remark 7.2
This theorem provides the functional setting in which the formal statements about momentum conservation in Section 2 can be justified.
, the momentum J is well-defined. We can thus approximate U 0 by a sequence of smooth functions for which the manipulations in (2.7) can be carried out on a uniform interval of time, and finally pass to the limit. (7.22) as can be seen by Taylor expanding f . Moreover f is still a Lipshitz map, since
where we used the algebra inequality (7.5) . Note that pointwise evaluation of u makes sense because under the assumptions of Theorem 7.4 u is at least H 1 and therefore, by the Sobolev embedding theorem, continuous.
Remark 7.4
If f is only of class C m+1 , all of the above holds with r = 0, and we find that the semilinear wave equation is locally well posed on Y 0,m . In particular, for r = m = 0 we recover the well known existence of local weak solutions to the semilinear wave equation in [24] .
Functional setting for the modified system
The above construction can be adapted to the modified equation by literally replacing all quantities by their discrete-interpolated counterparts. We write the general modified equation on an equispaced grid as
, (7.25) and˜ h denotes the discrete Laplaciañ
It is clear that˜ h maps G r,m (S 1 ) into itself because the translation operator τ h does. Moreover, −˜ h is a non-negative, self-adjoint operator with respect to the L 2 inner product and has a complete orthonormal set of eigenfunctions -the Fourier modes e ikx . Indeed, since (τ h u)ˆk = e ihkû k , we have 
Remark 7.6
As a consequence of the above, the semilinear wave equation and the modified systems are well posed on different spaces, a necessary complication we need to overcome when estimating differences between exact and modified solutions. 
Difference between wave equation and modified system
We first estimate the G r,m -difference between the true solution of the semilinear wave equation and the solution of the modified equation starting from the same initial data.
Lemma 7.6
Let m > 1/2 and r ≥ 0. Let U(t) be a solution of the semilinear wave equation (7.12) andŨ(t) be a solution of the modified system (7.24)
Proof. Let E(t) = U(t)−Ũ(t) denote the "modification error", and subtract (7.24) from (7.12) to find (7.33) and therefore also a set K r,m with the required properties. Moreover the constant K with E(t) G r,m ≤ K which first appears in (7.40) has to be replaced by K S and the constant φ(2cK) appearing in (7.41) by K(r, m) . In this case we have
Likewise, Lemma 7.6 holds with r = 0 if f is only C m+1 , m ∈ N.
Difference between discrete and modified system
We need the following version of the Shannon Sampling Theorem.
Lemma 7.7
Let u ∈ G r,m with r ≥ 0 and m > 1/2. Then 
where n = [(N − 1)/2]. The second term on the right is the projection error, which has the straightforward upper bound
(7.53)
Noting that h = 2π/N, we obtain a term of the form which can be estimated by the term on the right of (7.48) or (7.49) for r = 0 and r > 0, respectively. The first term on the right of (7.52) is the aliasing error. When r = 0, we estimate  (7.54) thereby obtaining the second term on the right of (7.48). The first inequality in (7.54) is a direct application of the Cauchy-Schwarz inequality, and the second inequality follows from an integral upper bound on the left sum. When r > 0, a similar argument yields 
Substituting this expression back into (7.52), we obtain (7.49).
Lemma 7.8 Let r > 0 and letŨ denote the solution to the modified equation with initial dataŨ(0), and U h the numerical solution with initial data
Proof. The modified solution is identical to the numerical solution on grid points. Hence,
We use (7.49) to bound this expression, noting that Ũ (t) G r,m ≤K.
Note that there is no accumulation of error with time for as long as the modified solution remains in some bounded set of G r,m . The only source of error in (7.56) is the exponentially small local interpolation error.
Approximate momentum conservation
We now use the bound on the distance between the semidiscrete and modified system to prove that the semidiscrete momentum will also remain close to the momentum of the modified system. Since the latter is constant in the variational case, i.e., when α = 0, the corresponding semidiscrete system has exponentially small momentum drift. (u, v) andŪ = (ū,v) . Since the momentum is conserved by the modified system for α = 0, J •Ũ(t) = J • U(0), and we obtain (7.59).
Proof of Theorem 1.1 The conclusions of Lemma 7.8 and Theorem 7.9 remain valid so long as U(t) has a G r,m+4 bound of the form U(t) G r,m+4 ≤ K, say. Then we know by Lemma 7.6 that U andŨ remain G r,m close for some interval of time on which, in particular, Ũ (t) G r,m ≤K. We have thus proved Theorem 1.1 with κ(u) = K 6 .
Remark 7.11
We have seen in (5.15) that the modified system for the non-Lagrangian discretization on the uniform grid does not conserve momentum. The general momentum error estimate (7.58) thus implies that the nonLagrangian semidiscrete system cannot approximately conserve momentum.
Remark 7.12
Note that the closeness of the continuous solution and the solution of the modified system can only be guaranteed on finite time intervals with errors that grow exponentially in T , see Lemma 7.6. Consequently, if the norm of the continuous solution is used to establish the required bound on the solution of the modified system in Theorem 7.9 then the stepsizes h ≤ h 0 (K, T ) must decrease exponentially with T according to (7.44 ).
Remark 7.13
When r = 0, we need to estimate the sampling error using inequality (7.48 for some m ∈ N. When m = 3 so that u ∈ H 3 ⊆ C 2 we could, for example, take the first order or symmetric finite difference momenta from Section 6.2. ThenJ h will remain within some bounded distance of the interpolated momentum J h so long as U(t) G r,m+4 ≤ K, and will therefore be approximately conserved over that time interval. More specifically, by the triangle inequality, we have the estimate |J h (U h (t)) − J h (U h (0))| ≤ K 6 h m−1 e −πr/h + 2chK, (7.64) with Ũ (t) H m ≤K.
Concluding remarks
We have proved that for analytic initial values and Lagrangian uniform space discretizations of semilinear wave equations momentum is conserved up to an exponentially small error for as long as the modified solution remains reasonably bounded, a condition which can be verified for small stepsizes over finite time intervals if bounds on the continuous solution are given. Moreover, we have shown that for non-Lagrangian or non-uniform discretizations there is no approximate momentum conservation.
As mentioned in the introduction, our results are similar in spirit to the approximate conservation of energy of uniform stepsize Lagrangian integrators of ordinary differential equations. Here the approximate energy conservation is also destroyed by non-uniform stepsize selection [30] or non-symplectic integrators [29] . Both results, these and those in this paper, hold for uniform Lagrangian discretizations as long as the modified solution remains reasonably bounded. In both cases the norm of the modified solution can be estimated over finite time intervals via the norm of the exact solution. If this boundedness assumption is satisfied, however, then the approximate momentum conservation holds for all times, not only on exponentially long time scales as does the approximate energy conservation for Hamiltonian ODEs.
Indeed, let h be a one-step method for an analytic autonomous Hamiltonian ODE and let˜ We expect that the results in this paper can be extended to general semilinear Hamiltonian partial differential equations in arbitrary space dimensions, general finite-difference discretizations, time-semidiscretizations (see [31] ), and full space-time discretizations. Moreover, similar methods should be applicable to multisymplectic conservation laws for energy and momentum, as have been formally derived in [21] . However, note that our modified system (5.8) does not satisfy a local conservation law for the momentum density j (u, v) = u x v of the conserved momentum J . Moreover, the interpolated momentum J h = J • i h is nonlocal in the grid variables. In future work we will construct discrete momentum maps with local densities for which approximate local momentum conservation laws hold on finite time intervals.
